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ABSTRACT

We study a pursuit-evasion differential game of many players with geometric
constraints being imposed on the control parameters of players. Game is described by
an infinite system of differential equations of second order in Hilbert space. Duration
of the game is fixed. Payoff is the infimum of the distances between the evader and
pursuers when the game is terminated. The pursuers’ goal is to minimize the payoff,
and the evader's goal is to maximize it. A condition to find the value of the
differential game is obtained. Optimal strategies of players are also constructed.
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INTRODUCTION

Many works have been devoted to differential games, such as those
by Isaacs, (1965), Pontryagin, (1988), Friedman, (1971), Krasovskii and
Subbotin, (1988) and etc. Constructing the players’ optimal strategies and
finding the value of the game are of specific interest in studying differential
games.

Pursuit-evasion differential games involving several objects with
simple motions get the attention of many authors. For example, Ivanov and
Ledyaev, (1981) studied simple motion differential game of several players
with geometric constraints. They obtained sufficient conditions to find

optimal pursuit time in R".

Levchenkov and Pashkov, (1985) investigated differential game of
optimal approach of two identical inertial pursuers to a noninertial evader on
a fixed time interval. Control parameters were subject to geometric
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constraints. They constructed the value function of the game and used
necessary and sufficient conditions which a function must satisfy to be the
value function (Subbotin and Chentsov, (1981)).

In Ibragimov, (2005), a differential game with many pursuers and
geometric constraints was investigated in the Hilbert space [, .

In the present paper, we study a pursuit-evasion differential game
with many pursuers and one evader with geometric constraints on the
controls of players described by equations

i=u, x0)=x’ 50 =x', lul<p, i=12,.. (1)

1

y=v, y0)=)° ¥0)=y', Ivi<o, (2)

where xl.,x[0 ,xl.l, v, yo, yl, u;,vel,, u, are control parameters of the pursuers

and v is that of the evader, p, and oare given positive numbers, and
- 1/2

||v||={2va :
i=1

The duration of the game, denoted 8, is fixed. The payoff function is the
infimum of the distances between the evader and the pursuers at 6:

7(0)= inf I1,(6) = y(O)1I. )

The pursuers’ goal is to minimize the payoff, and the evader's goal is to
maximize it.

Denote H(0,p) as the ball in /, of the radius o with the center at the

origin.

Definition 1. A function u,(¢),0<t<6, u,:[0,60]1— H(0,p;), with
measurable coordinates u, (), k =1,2,... is called an admissible control of

the pursuer x;.

Definition 2. A function v(z),0<r<6, v:[0,0]—> H(0,0), with
measurable coordinates v,(¢) is called an admissible control of the evader
y.
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Once the players' admissible controls u,(t) and v(z), 0<t<8@, are chosen,
the corresponding motions x,(1) = (x;, ()50, X, (1)) and

y(@) = (y,(t),....,y,(¢),...) of the players are defined as
ts ts

(0= 2 +xi + [ [uy (Ddrds, v, ()= 3{ +ty + [ [ v (rdrds
00 00

One can readily see that x;(-), y(-)e C(0,8,1,), where C(0,6,1,) is the space
of functions

fF@O=0(/i@®),... [, (0),.)el,, t=0,

subject to the conditions

(1) f,(1),0<t<8,k=12,..., are absolutely continuous functions;
(2) f(t),0<t<8, is continuous in the norm of /,.

Definition 3. A function U,(x;,y,v), U, :l,xl,xH(0,0)— H(0,p,), such
that the system

% =U;(x,y.v), ,(0)=x, %(0) = x/,

¥=v, y(0)=y", 3(0) =)',

has a unique solution (x;(-), y(-))e C(0,8,l,) for an arbitrary admissible

control v(r) of the evader is called a strategy of the pursuer. The strategy U,

is said to be admissible if each control generated by this strategy is
admissible.

Definition 4. Strategies U,, of the pursuers are said to be optimal if

Jinf DUl ) =T Ul

where

Iw,,..u,,..)=supinf |l x,(8) — y(0) I,

v !
U, are admissible strategies of the pursuers and v(-)is an admissible control
of the evader.
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Definition 5. A function V(y,x,,...,x,,,...), VL x, x..x,x...= H(0, 0),
such that the following countable system of equations

¥o=u,, x,(0)=x), %, (0)=x,, k=1,2,..,

F =V 00X Xy, YO0 =51, 3(0) =y,

has a unique solution (y(-), x,(-),....x;(),...), x(),y(e C(0,6,l,) for

arbitrary admissible controls u; =u,(t), 0<t <8, of the pursuers is called a

strategy of the evader. If each control formed by the strategy V is
admissible, then the strategy V itself is said to be admissible.

Definition 6. A strategy V,, of the evader is said to be optimal if
supl, (V)=TI",(V,), where
\4

T,(V)= inf infllx,(8)—y(@®)l,

(el (+),

u.(-) are admissible controls of the pursuers, V is an admissible strategy of
the evader.

If T,(U,pssU, ) =T, (V) =7,

then we say that the game has the value ¥ (Subbotin and Chentsov, (1981)).
The problem is to find optimal strategies U,,...,U,,,... of the pursuers and

the optimal strategy V, of the evader, and the value of the game.

Differential game (1)-(3) can be reduced to an equivalent game described by
the equations (Ibragimov and Mehdi, (2009)).

i = (0D, x.(0)=x,, lu, i< p,, i=1,2,3,... @

y=(6-1)v, yO)=y,. Ivi<o, (5)

with the payoff (3) where x,, and y, are some points.
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MAIN RESULTS
Let
. 1 1
y=inf {l 2 0| H[yo,zaezj c gH[xio,Epigz +lj}, 1={1,2,...}.

Theorem 2.1. If there exists a nonzero vectorpel, such that
(yo—%0-P)=0 and O'Spi+2—i/ for all ie I, then the number ¥ is the
value of the game (1)-(3).

Proof.

1. Fictitious pursuers. To construct strategies of the pursuers we introduce
fictitious pursuers z,, whose motions are described by the equations

2y 2¢
<p +—+ =
Pt k.6*

£
W,

L

G=(0-0)wf, 7(0)=x,, |

pi(€),

where £ <1,is an arbitrary positive number and k, =max{l,p,} . The

domain of attainability of the fictitious pursuer z, from the initial position

X, up to the time @ is the ball

H(xio’ %Pi(“?)ezJ:H[xio, %,0,492 + }/+k£J )

1

We define the strategies of the fictitious pursuers z;, on [0, 9] as follows:

wE (1) =v(t)—(v(t),¢ e +e,.\/p,.2(g)—a2 +(v(t)e)’, 0<t<t,
(6)

wi()=v(t), 7,<t<6,

1

where
Yo —Xi
€ = ”yO TN

0, Xio = Yoo

0
s Xio * Yoo
ol
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and 7, , 0<7, <8, is defined as the first time at which z,(7;)=y(7;) .

Note that such a time 7, may not be exist.

2. Construction of the strategies of the real pursuers. We define the
strategies of the real pursuers x; as follows:

u(t)—p w,(t), P, = p,»(0)=p,»+2—f, 0

1

where

w; (1) =v() —(v(t),ei)ei +ei\/,5i2 -0’ +(v(t),ei )2, 0<r<rt,
w(@)=v(), T,<t<80.

It is clear that [l w, () II< p; .

3. We show that y is the guaranteed value for the pursuers. We prove that

if the pursuers use the strategy (7), then supinf ||y(9) - xi(n9)|| <y,
v(*) iel

where v(-)is a control of the evader. According to the definition of 8 we
have

H[yo,—O'BZJ UH[ ;p,»ez + 7+kﬁJ

iel i

and by the hypothesis of the theorem
(yo —xio,p)ZO, iel,

then, Assertion 4 (Ibragimov, (2005)) implies

H[yo,—O'BZJ x:. ®)

iel
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where

2 2
1 1
Xig:{d 2()’o_xio’z)$[zpi'92+7+£} _[EGBZJ +||)’0||2_"xi0”2}’ X0 F Yos

1

1
X! :{Z| (Z_xi07ei)szpi92 +7+k£’ Xio = )’0}‘

1

Hence, y(@)e X¢ for some se I.

The following Lemma can be proved in much the same way as the Lemma
in Ibragimov, (2005).

Lemma 2.1. If o<p(e)andy(@)e X , then the fictitious pursuer’s
strategy (6) ensures that z,(8) = y(8).

According to this Lemma we obtain that if the fictitious pursuers apply the
strategy (6), then z (€)= y(6) and hence

|y(8) - x,(8)| =

z,(0)—x,(0)|

4 4
=|x,, +.[(9—t)wf(t)dt—xso —j(@—t)ui(t)dt
0

0

0
= I(H—t)[wf(t)—ws(m Ws(t)—%ws(t)Jdt
0 p

4 o

<[(@-1)wf @ -w,n)ldi +I(9—t)|lws(t)—%ws(t)lldt. )
0 0 s

We show that

limsupj(@—t)‘
0

wf (1) = w, (1) =0. (10)

-0 ;g
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If x,=y,, then by construction wf (t)=w,(t)=v(t), so

-w, (t)“dtz

If x,#y, ,then we obtain the following equation:

-w (t)”dt

o1 Np, @) -0+ (v(1),e) —|B 0>+ (v(0),e)’ j . (11)

(6

Sty

(6

Sty

ov._,ﬁ

Next, we’ll consider the following function:

[@=pE)-0"+& =p’-o’+&,  0<é<o

It is not difficult to show that this function takes its maximum at &=0.
Therefore from (11) we obtain

.[(9—1‘)‘

wé (1) = w, (1)

0—t (\/p, (&)- 0o \/pl -0 )
(Jp, (-0 -\p? -

6>\ p?(e)-p>. (12)

However,

_ 2¢e 4y  2¢
N(E&)-pl=——|2p+—+
pz() pz kez[ pl 92 kiezJ

o 4 8y e (4 8y 48)
=gl —-—+ t—— |SE| —5+—F+
[ki 0> ko' k6 o> ¢ ¢
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since k, = max{p;,1} . Then according to (12)

2
we (1) - Wi(t)Hdt s\/g(i+8—y+£) b < Ke,

6> ¢ o

J(o=)

2
where K = i2+8—1/+i4 9— Hence (10) is true.
g 6 6 2

Since llw,(¢)lI< p, for the second term in (9) we have

0 0
[0, (0L (i = (0=1) v 0]~
0 p 0 s
2y 4
<p. - O—t)dt=
P, ﬁﬂzl( )dt =
This means

|96 -x,0)|< v+ Ke.

Letting € -0 we have

|y —x,(8)| <.

4. We show that 7y is the guaranteed value for the evader.
All that remains for us to do is to show that there exists a strategy of the
evader such that

u1<->}.l,lufm<->,...ig||y @) -x0)>7,

where u,(-),u,(-),... are controls of the pursuers.

If =0, then any strategy of the evader, in particular,
v(t)=0,0<1t<0, guarantees ¥=0. Let ¥>0. Then by the definition of ¥
for any £ >0, of course, £< 7,
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1
H(%r%ﬁﬂ LJH( Em#+y—8)
Then according to Assertion 5 (Ibragimov, (2005)), there exists a point
1
ye S(yo,—oﬂz)
2
such that
|y - 0||_ po’+y. i=12,.

where S ( v, r) denotes the sphere of the radius r and with the center at y .
Hence,

[ =5 (O 2 [y = o] =[x (&) =

1 1
>—p0+y——pb* =
2,0, v 2,0, v

forall i=1,2,....
We set
=200 g<icq
6>
Then

6
2 _ _
y(9)=yo+j(9—t)~?(y—yo)dt =Y +Y=Y =Y,

and hence
|y(6) - x,0)|| =7 - x©)|2 7. i=1,2,...

Thus,
inf [ y(8) - x,0)] 2 7.

This completes the proof of the theorem.
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CONCLUSION

A pursuit-evasion differential game of fixed duration with countably
many pursuers has been studied here. Control functions satisfy geometric
constraints. Under certain conditions, the value of the game has been found
and the optimal strategies of players have been constructed. It should be
noted that the condition given by the assumption is relevant. If this condition
doesn't hold, then, in general case, we don't have a solution for the pursuit-
evasion problem even in a finite dimensional space with finite number of
pursuers. The present work can be extended by considering higher order
differential equations.
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